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Topologies are constructed so that the c~-field they generate is the collection 
of Lebesgue-measurable sets_ One such topology provides a simple proof of 
yon Neumann 's  theorem on selecting representatives for bounded measurable 
"funct ions." 
Everyone is familiar with the fact that there are vastly more Lebesgue 
measurable sets than Borel sets in the real line. S. Polit asked me the 
very natural question: is there a topology for the reals so that the Borel 
sets generated by it are exactly the Lebesgue measurable sets ? 
This note is intended to present a self-contained elementary descrip- 
tion of several related ways of constructing such a topology. All the 
topologies considered are translation-invariant enlargements of the 
standard topology. The topology T of Section 1 is a very natural one 
for the real line. It is easily seen to be connected and regular, but not 
normal. The topology T has been studied before in a different context, 
and is known to be completely regular [1]. The topology T' of Section 2 
is also connected, but not regular. However, the construction generalizes 
readily to general topological measure spaces. The topology U con- 
structed in Section 3 is maximal with respect o generating measurable 
sets; it is completely regular and has the remarkable property that 
each bounded measurable function is equal almost everywhere to a 
unique U-continuous function. This yields an especially simple proof 
of a theorem of von Neumann [2]. The proof given here is a subset 
of Section 3 together with Propositions 1.1 and 1.5. I thank H. Royden 
for suggesting that I look for such a U. 
If a set _// has a property ~ relative to the standard topology of R, 
let me say simply that A is a standard ~-set. 
* Research was supported in part by NSF  Grant GP-11911. 
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1. THE TOPOLOGY T 
DEFINITION OF THE TOPOLOGY T. A is a T-neighborhood of x iff 
x 6 _// and the inner density of A at x is 1 ; that is, 
lim m,[A c~ (x -- 3, x + 3)]/2~ 1. 
3~0 + 
(*) 
Since ( ,)  is clearly preserved under finite intersections and arbitrary 
unions, we do obtain a topology T by putting A ~ T i f f  A is a T- 
neighborhood of each of its points. Observe that any open interval is 
T-open; so T is larger than the standard topology. In particular, T is 
Hausdorff. 
PROPOSITION 1.1. A c T <~ A is (Lebesgue) measurable and every 
point of A is a point of density 1 for A. 
Proof. If A is measurable, then the density statement is clearly 
necessary and sufficient for membership in T. We conclude the proof 
by showing A ~ T ~ A measurable. Suppose that A is not measurable. 
Then m,(A)  < m*(A). Let F and G be measurable with F C A C G and 
m,(A  --  F) : m, (G  - -  A) = 0. Of course, 
m(G - -F)  = m*(A) -- m,(A) > O. 
If E_C G -- F is measurable and m(E) > 0, then m,(E  t~ A) ~- 0 and 
m,(E  --  A) = 0 < m(E). Thus E meets A. 
Choose E = the subset of G --  F consisting of all points of density 1 
for G -- F. The Lebesgue density theorem implies that re(E) = m(G --  F) 
and hence every point of E is a point of density 1 for E. Let x 0 be any 
point of E n A. A cannot be a T-neighborhood of x 0 , for if it were, 
then A n E would also be a T-neighborhood of Xo, contradicting 
m,(A  n E) =0.  
THEOREM 1.2. The T-Borel sets are precisely the Lebesgue measurable 
sets. 
Proof. Since the T-open sets are measurable, all the T-Borel sets 
are measurable. Conversely, if M is measurable, then by Lebesgue's 
density theorem we can write M : A • B, where A is all points of 
density 1 for M and re(B) : 0. Clearly, A is T-open and B is T-closed. 
Thus, M is T-Borel. 
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In fact, every T-Borel set M is a countable intersection of T-open 
sets. For there is a sequence of standard open sets V,~ with 0 V,~ D M and 
m(n V~-  M) = 0, since M is measurable. Put V,,~' = V,~ - -  (N V~-  M). 
Then V~' is T-open and n V,[ ~ M.  
LEMMA 1.3. A point x is a T-cluster point of A iff 
lim m*[A n (x -- 8, x 4- 3)]/28 > 0. 
~--)0 + 
Proof. The equation m,(B  n M)  -7 m*(M --  B) - -  m(M) ,  for mea- 
surable M and arbitrary B, may be applied to M = (x -- 8, x -7 3) and 
B = A-complement. This shows x is interior to A-complement iff the 
lira in the statement of the lemma is 0. 
COROLLARY 1.4. A set is T-rare iff its measure is zero. Hence, every 
T-meager set is T-closed and T-rare. 
Proof. I fA  is any set, let G D_ A be measurable with m,(G - -  A)  = O. 
Clearly, G and A have the same T-closure. However, for a measurable 
set, the T-closure and the T-interior differ by a set of measure zero, 
by Lebesgue's density theorem again. The rest is obvious. 
PROPOSITION 1.5. The topology T is regular. 
Proof. Let A be any set and xCA and 
1-~ m*(A n (x -- 3, x 4- 8)]/28 = 0. 
8~0 + 
Evidently, we can choose ~7(8) ~ 0 so that m*[A c3 (x - -  8, x -7 8)] 
~7(8) • 8. I claim that A can be enlarged to a standard open set V with 
lims,o m[V n (x - -  8, x -7 8)]/25 = 0. This will complete the proof, 
since V is a T-neighborhood of A and V-complement is by Lemma 1.3 
a T-neighborhood of x. 
To construct V, let 
( 1 ) (  
C,~= x - - -  x U x+ x 
n' n@l  n -~ l '  + 
and let V~ be a standard open subset of C~ for which 
m(V,~) < m*(A n C~) + 71 (1)m(C,~). 
Then put V = U V~. 
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For 0 <3 < 1 there is a unique n so that 1/(n+ 1) ~< 3 < 1In. 
V c~ (x -- 3, x 4- 3)_C Uj~>,~ V]. Thus 
m[V ~ (x --3, x @ 3)] ~ ~ m*<A n C3- ) -7 ~-~,~ @)m(Oj)i 
j>~n J~>n 
The first term is m*[A n (x -- l/n, x 4- l/n)] ~< ~/(1/n) • 1/n; the second 
term is at most ~?(1/n) ~]j->~ m(C~) = ~?(1/n) "2/n, since ~7 is monotonic. 
Thus, 
(1)(1 2) /  (1) 3 (1) 3n+3 
m[Vn(x - -3 ,  x+3)]/23 ~<~ n n + 23=,1 ~<7/  2n 
As 6 --~ 0, we have n -~ oo and ~(1/n) --~ 0. 
Remark. As mentioned in the introduction, it is known that T is 
completely regular. 
If M is measurable, put fu (x )= foXM(t)dt, where x~( t )= 1 if 
t ~ M and 0 if t ¢ M. Then x o is in the T-interior of M iff f~4'(Xo) = 1 ; 
x o is in the T-exterior of M ifffM'(xo) = 0; x 0 is a T-cluster point of M 
iff one of the derivates of fM at x o is nonzero. 
PROPOSITION 1.6. The topology T is connected. 
Proof. I f  A and A-complement are both T-open and nonempty, 
then fA'(X) exists for every x and equals 1 for x ~ A and 0 for x 6 A. 
This contradicts the well-known fact that i f f '  exists everywhere, then 
f '  has the intermediate-value property. 
LEMMA 1.7. Let A be the T-interior of its T-closure. Then A is a 
standard Borel set. 
Proof. Let e{ = the T-closure of A. A is T-open and thusfA'(x ) = i 
for all x ~ A. On the other hand, if fx'(x) = 1, then x e A, since A 
is the T-interior of A. A -  A is T-rare, hence of measure 0 by 
Corollary 1.4. Therefore, )cA ~fx  and we have A = {x :fA'(x) = 1}, 
which is clearly a standard Borel set, in fact, an F,~. 
LEMMA 1.8. In any topological space let V* denote the interior of the 
closure of V. I f  V 1 and V~ are open and disjoint, then so are VI* and Vz*. 
Proof. I f  V is open, then V is open and dense in V*. Thus V1 n V=* 
is open and dense in V I *n  V2*. Also V I *n  Vz is open and dense 
in VI* n V2*. Thus, V 1 n V2* c~ VI* n V 2 = ~ is dense in VI* n V2* 
which must therefore be empty. 
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PROPOSITION 1.9. T is not normal. 
Proof. Using Lemmas 1.8 and 1.7, we see that if two sets can be 
separated by T-open sets, then they can be separated by standard 
Borel sets. Let C be the Cantor middle-third set and let D C C be 
any non-Borel set. Put E = C -- D. Then D and E are disjoint and 
are T-closed since m(D) ~- m(E) = m(C) = 0. However, D and E can 
clearly not be separated by Borel sets: If  B is a Borel set containing D, 
then B n C is a Borel set containing D and must contain points of E, 
s inceBnC @D.  
T is clearly translation-invariant; in fact, (x, y) --+ x -- y is separately 
continuous. However, T is not a group topology, since (x, y) -+ x - -y  
is not jointly continuous. Indeed, if A and B are T-open, then A q- ( - -B)  
contains an interval. 
The  T-compact sets are the finite sets. For if E is infinite, then it 
contains a countably infinite subset E 1 which is not standard-compact. 
I f  E were T-compact, then E 1 would be also, since re(E1) = 0 implies 
E 1 is T-closed. Since T is larger than the standard topology, E 1 would 
be standard compact, which it is not. 
2. A WEAKER TOPOLOGY T' 
In considering what makes T work for the original question, it 
occurred to me that a weaker topology exists with many of the same 
properties. Let the topology T' be defined by A c T'<=> A equals 
a standard open set minus a set of measure zero. Equivalently, B is 
T'-closed <=> B is a standard closed set plus a set of measure zero. 
To see that T' is a topology, let {B~} be a family of T'-closed sets, 
B~ = C~ u M~, where C~ is standard closed and m(M~)= 0. Fix 
any % ; then n B~ = n C~ u a subset of Mo o , which is clearly T'-closed. 
Obviously, T D T' ~ standard topology. 
THEOREM 2.1. The T'-Borel sets are precisely the Lebesgue measurable 
sets. 
Proof. The same proof as Theorem 1.2. 
LEMMA 2.2. A point x is T'-adherent o a set _/1 
~m*[An(~-~,x+~)]>o f ~ ~ll 8>o.  
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Proof. A set is a neighborhood of x ~> it contains almost all of a 
standard neighborhood of x. Apply this to A-complement. 
PROPOSITION 2.3. The line is a countable union of T'-rare sets. 
Proof. There are standard closed rare sets A n and a set of measure 
zero E so that Ek)  A l~)A2k)  - - -=  R. Clearly E and the A's are 
T'-rare. 
PROPOSITION 2.4. The topology T' is not regular. 
Proof. Evidently the set A = {1/n In = 1, 2,...} is T'-closed and 
0 q~A. Every T'-neighborhood of A has positive measure in every 
interval about 0; thus, 0 and A cannot be separated. 
PROPOSITION 2.5. The topology T' is connected. 
Proof. This follows immediately from TD_ T' and Proposition 1.6. 
However, a direct argument is easy to give. If  A is T ' -open and B 
is T'-closed, then A = G -- M, B = F u N with re(M) = re(N) ~ O, 
G standard open andF  standard closed. If  A = B, then G = F u N u M. 
Since the standard topology is connected, G -- F is a nonempty open set. 
Thus rn(G -- F) > O. However, G --  F _C M u N, which is a contradic- 
tion. 
The remarks earlier about compact sets and (x ,y ) -~ x - -y  hold 
for T'  as well as T. Observe that A is the T'- interior of its T'-closure 
if and only if it is the standard interior of its standard closure. The 
construction of T'  applies quite generally to measures on topological 
spaces. 
3. THE TOPOLOGY U AND VON NEUMANN'S THEOREM 
In this section the topology T is maximally enlarged. The result is 
a topology U with the property that any bounded measurable function 
is equal almost everywhere to a uniquely associated U-continuous 
function. This gives a painless proof of a theorem due to von Neumann. 
The existence of such a topology has been observed by A. Gleason; 
his proof (oral communication) proceeds by a different method. Several 
proofs of yon Neumann's theorem have appeared in the literature. 
(See [3] for comprehensive discussion and references. They also consider 
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a process of obtaining a topology compatible with a given lifting.) In 
particular, Dixmier [4, p. 177] has given an outline of a simple proof 
which is essentially equivalent o the one below, though it is con- 
ceptually different. 
Let Y be the collection of all measurable sets having density 1 at 0. 
~- is a filter in the family ~ of all measurable subsets of R. Extend 
to an ultrafilter yd in J{. yd enjoys these properties: 
(0) The empty set ~ does not belong to yd. 
(1) If M is measurable, either M or M-complement belongs to yd 
(not both). 
(2) If A and B belong to yd, then A n B belongs to ~. 
(3) If A e yd and B is measurable D A, then B ~ ~. 
(4) If d is measurable and has density 1 at 0, then d c yd; if d 
has density 0 at 0, then A ¢ Yd. 
(5) If M is measurable and meets every member of ~,  then 
M c yd (by (1), since M cannot meet its complement). 
Let us call yd = ydo- ydt is obtained by translation of yd0 to t. Say 
that A is a U-neighborhood of t if A contains t and some member of ydt • 
Define U to be the collection of all sets which are U-neighborhoods 
of each of their points; by (2) and (3) we see that U is a topology. From 
(4) we see that U ~_ T and is, therefore, Hausdorff. 
PROPOSITION 3.1. d ~ U ~- d is measurable. 
Proof. Exactly the same as the proof that A c T ~ A is measurable 
(Proposition 1.1). 
Similarly we have: 
THEOREM 3.2. The U-Borel sets are exactly the Lebesgue measurable 
sets. 
COROLLARY 3.3. ,4 set is U-rare iff its measure is O. Hence, any 
U-meager set is U-closed and U-rare. 
Observe that U is totally disconnected. Indeed, it follows from (5) 
that if x is a U-cluster point of a measurable M, then x is U-interior 
to {x} u M. Therefore, the U-closure of any U-open set is again U-open. 
PROPOSITION 3.4. The topology U is completely regular. 
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Pro@ Let x ¢ A with A U-closed. Let A 1 = all points of R at 
which A has density 1. Since A is U-closed, A 1 C A. Evidently, A 1 is 
U-open. A I , the U-closure of A 1 , is both U-closed and U-open and 
A t C A 1 C A. Observe that m(A -- A1) = m(A -- A1) = 0. Using the 
techniques of Proposition 1.5, we can cover A -  A 1 by a standard 
open set B which has density 0 at x. Then B u A 1 is both U-open and 
U-closed, and it contains A and excludes x. The characteristic function 
of B ~A A1 is then continuous, 0 at x and 1 on A. 
THEOREM. I f  f is a bounded measurable function, then there is a unique 
function f such that f = f a.e. and f is continuous from (R, U) to (It, 
standard). 
Proof. Uniqueness: Since U consists of measurable sets, every 
continuous function from (R, U) to (R, standard) is measurable. Let g 
and h be two such functions. I f  g - -  h = 0 a.e., then g - -  h ~ 0, since 
the complement of a set of measure 0 is everywhere U-dense. 
Existence: We may assume 0 ~< f < 1 without loss of generality. 
We form the Lebesgue ladder for f :  
2n-1  k 
£~0 L 2n ~ 2 n 
Since [ f~(x) - f (x ) l  ~ 1/2 ~ for all x, it is enough to show each f~ 
determines a continuous f~.  For this it is enough to show each XA 
determines a continuous 2A , where A is measurable. 
Let A 1 ~ all points of R at which A has density l; A o = all points 
of density 0. R = A 0 w A t u N, where m(N) = O. A and A 1 differ by 
(i.e., their symmetric difference is) a set of measure 0; the same is 
true for A-complement  and A o . Both A o and A 1 are U-open. Let z~ 
be the U-closure of A 1 . Then A is U-open and closed, contains A1, 
and is disjoint from A o . This means that A and A differ by a set of 
measure 0. X~ is the desired ~ . 
This solves the following lifting problem: let B be the Banach algebra 
of all bounded measurable functions with norm l] f 11 = sup~ ]f(x)]. The 
space N of bounded functions a.e. equal to zero is a closed ideal in B. 
L * is B/N with the quotient norm: ] [ f+  Nil = in f~Nl l f+  vii. The 
lifting problem is to find, if one exists, a one-sided inverse to the natural 
map B--~ B/N = L% in other words, the problem is to select a 
representative for each L ~ "funct ion" in such a way that algebraic 
operations and limits are consistent with this selection. 
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THEORE M (von Neumann). A lifting from L °° to B exists. 
Proof. For each f in B, choose f as in the preceding theorem. This 
defines a map from B to B which is obviously a norm-decreasing Banach 
algebra homomophism and is 0 on N. This is precisely what is required. 
Observe further that f  ) 0 a.e. o f  ) 0 everywhere, and i fF(x 1 ,..., xn) 
is continuous, thenF( f  1 ,...,f,~) = 0 a.e. ~ F( j~ ,...,fn) = 0. Moreover, 
i f f i s  a standard continuous function, thenf  ~ f. In fact, either (-- oo, 0] 
or [0, c~) (but not both) is a U-neighborhood of 0, say [0, c~) is, and 
we see that f ~ f for any right-continuous function f. 
Remarks. (1) SinceL °° is identifiable with the bounded U-continuous 
functions on R, Stone's theorem identifies the Stone space for the 
Boolean algebra of measurable sets modulo sets of measure zero with the 
Stone-Cech compactification of (R, U). This is not at all surprising 
in view of the construction of U. 
(2) Many proofs of this theorem have appeared in print, several 
of which are general in nature. For the case of the real line I believe 
the above proof is conceptually and technically simplest. The selection 
of f for each f also allows a unique selection for any extended-real- 
valued measurable function. All algebraic operations are consistent with 
this selection, wherever they make sense. That is, except for 0 - (~-c~), 
-- oo, 0/0 and ~oo/~vo.  
(3) Von Neumann's original proof can be made to reveal one 
further fact not previously stated. At least if the continuum hypothesis 
is valid, a lifting can be found from L °° to the bounded Borel functions. 
(4) I f f  is locally integrable and g(x) ~ f~f ,  then it is easy to see 
that g'(x +) = f(x), wherever the one-sided derivative g'(x+) exists. 
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